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ABSTRACT 
A f i e l d  t h e o r e t i c  approach is  used t o  d e r i v e  gene ra l  expres s ions  
f o r  the  a d i a b a t i c  i n t e r a c t i o n  between two r o t a t i n g  d i p o l a r  systems, 
whose temperatures  may d i f f e r .  The r e s u l t s ,  which a r e  expressed i n  
terms of  t he  d i p o l e  moments, moments of i n e r t i a  and temperatures  of 
t h e  two systems a r e  v a l i d ,  i n  second order  approximation, over t he  
whole range  of temperatures  inc lud ing  the  r e g i o n  where quantum e f f e c t s  
a r e  important .  The c l a s s i c a l  l i m i t  r educes  t o  t h e  Keesom p o t e n t i a l  
fo r  equa l  tempera tures .  When t he  tempera tures  a r e  d i f f e r e n t  the  
c l a s s i c a l  p o t e n t i a l  can take on p o s i t i v e  ( r e p u l s i v e )  va lues  as w e l l  
a s  nega t ive  ( a t t r a c t i v e )  values ,  depending on t h e  temperature 
d i f f e r e n c e  and r a t i o  of temperature t o  moment of i n e r t i a  of t he  two 
systems; f o r  l a rge  temperature d i f f e r e n c e s  the  p o t e n t i a l  i s  always 
r e p u l s i v e .  The gene ra l  equat ions  are analyzed and the quantum- 
s t a t i s t i c a l  imp l i ca t ions  underlying t h e  t h e o r y  are d i scussed .  Pb 
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T. I n t r o d u c t i o n  
When two r o t a t i n g  dipole  moments are a t  c l o s e  d i s t a n c e  from 
each o t h e r ,  t h e i r  c o r r e l a t e d  motion g ives  r i se  t o  a p o t e n t i a l  of 
i n t e r a c t i o n ,  t h e  c l a s s i c a l  l i m i t  of which i s  t h e  well-known Keesom 
p o t e n t i a l  . The Keesom force i s  one of t h e  c o n s t i t u e n t s  of t he  1 
van der  Waals i n t e r a c t i o n  and p l a y s  an  important r o l e  i n  problems 
invo lv ing  po la r  molecules.  
The purpose of t h i s  work is  twofold: a )  t o  g e n e r a l i z e  the  
Keesom p o t e n t i a l  so  as t o  inc lude  quantum e f f e c t s ;  b )  t o  extend 
t h e  t r ea tmen t  t o  the  i n t e r a c t i o n  between molecules which are a t  
d i f f e r e n t  temperatures,  t h a t  i s ,  molecules which have d i s t r i b u t i o n s  
c h a r a c t e r i s t i c  of d i f f e r e n t  temperatures  and which i n t e r a c t  
a d i a b a t i c a l l y .  
The i n c l u s i o n  o f  quantum e f f e c t s  i n  t h e  Keesom p o t e n t i a l  i s  
n o t  merely of academic i n t e r e s t .  A s  has been pointed out be fo re  2 , 3 , 4  
most p o l a r  molecules have d ipo le  moments of such magnitude t h a t  f o r  
o r d i n a r y  temperatures  t h e  c lass ical  approximation i s  no t  q u i t e  
v a l i d .  The g e n e r a l i z a t i o n  of t h e  Keesom p o t e n t i a l  t o  d i f f e r e n t  
temperatures  i s  a l s o  of p r a c t i c a l  i n t e r e s t .  I n  c e r t a i n  types  of 
s c a t t e r i n g  experiments i t  is  o f t e n  convenient  - and sometimes 
necessa ry  - t o  maintain d i f f e r e n t  temperatures  f o r  t h e  s c a t t e r i n g  
gas and f o r  t h e  beam molecules. 
Be rns t e in  and Rothe 
Rothe and Berns t e in3  and Schumacher, 
4 have descr ibed such a series of experiments;  
t h e  c o n d i t i o n s  were such t h a t  t h e  a d i a b a t i c  i n t e r a c t i o n  approximation 
w a s  approximately v a l i d .  
s i t u a t i o n  has been suggested f o r  t h e  c l a s s i c a l  l i m i t ,  b u t  a d e t a i l e d  
A formula designed t o  cope w i t h  t h i s  
4 
1 
2 
g e n e r a l  theory has no t  been formulated. 
The approach t o  be followed he re  w i l l  be based on t h e  f i e l d  
5 
technique descr ibed i n  an  e a r l i e r  paper . This  technique a p p l i e s  
t o  systems obeying c l a s s i c a l  as w e l l  as quantum mechanics. Moreover, 
t h i s  method views the  o v e r a l l  i n t e r a c t i o n  as r e s u l t i n g  from two 
s e p a r a t e  even t s ,  namely, t h e  p p l a r i z a t i o n  of molecule 1 by the  
electromagnet ic  f l u c t u a t i o n s  of molecule 2 and v i c e  v e r s a ;  t he  
mechanism f o r  g e n e r a l i z i n g  t h e  r e su l t s  t o  d i f f e r e n t  temperatures  
is ,  the re fo re ,  p r e s e n t  from t h e  s t a r t .  
. . I  
3 
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11. Procedure 
Consider two r o t a t i n g  no:eccles (a1e:trF;Ei systems) a t  
temper a t  UT e S T1 and T 2  I A s  a'worlcing model, we could suppose 
t h a t  t h e  two systems are Lmersed i n  s e p a r a t e  h e a t  b a t h s  each of 
which i s  a d i a b a t i c a l l y  enclosed: 
t r a n s f e r r e d ,  b u t  no t  h e a t ,  
a s s o c i a t e d  w i t h  the  r o t a t i o n a l  nzotlon cf systems "1" and "2" be 
e l e c t r l c a l  energy can  be 
kt t h e  complex s c s c e p t i b i l i t i e s  
denoted r e s p e c t i v e  l y  by 
These s u s c e p t i b i l i t i e s  are func t i cns  of  t he  molecular p r o p e r t i e s  of 
t h e  systems and a l s o  of t he  temperatures.  
o u t l i n e d  i n  S e c t i o n  I1 of R e f .  5 ap?l'Les a l s o  t o  the p r e s e n t  case 
and y i e l d s  
The g e n e r a l  t r e a t m e n t  
(11-1) 
where 
4 
Here, 40': i s  t h e  gene ra l i zed  paer p o t e n t i a l ,  a s s c e i a t e d  with t h e  
r o t a t i o m 1  motion of t h e  d i p o l e  moments ( o r k n t a t i o n  e E f e e t ) ;  
denotes the wsrk of polarizatiun of molecule 1 by t h e  w2,+ 1 
f l u c t u a t i o n s  of  molecule 2 ;  i s  t h e  work of p o l a r i z a t i o n  
of molecule 2 by t h e  e l e c t r i c a l  f l u c t u a t i o n s  of molecule 1 ; 
and r I2  is the  i n t e r n u c l e a r  s epa ra t ion ,  assumed f i x e d .  These 
express ions  have gene ra l  v a l i d i t y  w i t h i n  t h e  framework a f  t h e  d i p o l a r  
* 
approximation, i n  which r e t a r d a t i o n  e f f e c t s  h a ~ e  been neglec ted ,  
and apply over the whole range of tempera.tures. Hence, i n  a formal 
sense ,  the  theory  i s  complete and t h e  gene ra l i zed  p o t e n t i a l  can  
be  c a l c u l a t e d  from a kncwledge of t h e  frequency-dependence of t h e  
s u s c e p t i b i l i t y  func t ions .  The de te rmina t ioa  o f  conFlex s u s c e p t i b i l i t i e s  
i s ,  i n  genera l ,  ve ry  d i f f i c u l t  and r e q u i r e s  d e t z i l e d  knowledge of  
t h e  wave-functions of t h e  systems. In  the case of  r i g i d  s o t a r s ,  
however, a r e p r e s e n t a t i o n  can e a s i l y  be obta ined  ( see  Appendix) 
and y i e l d s  the  fo l lowing  gene ra l  expres s ions  : 
6 
and 
c 
where 
i 
j =o  
5 
(d ipo le  moment) 
( r o t a t i o n a l  p a r t i t i o n  
(11-6) 
funct ion)  
(%at  UT all' f requency ) 
( t r a n s i t i o n  frequency)  
The E . ' s  are t h e  unperturbed r o t a t i o n a l  energy s t a t e s ;  I 
moment of i n e r t i a ;  and the  bar a c r o s s  the  i n t e g r a l  s i g n  i n  
Eq. (11-4) denotes  t h e  Cauchy p r i n c i p l e  va lue .  
of t h e  s u s c e p t i b i l i t y ,  /3'(u) , has also a negat ive  branch ( s e e  
Appendix) which has not  been included i n  Eq. (11-5) inasmuch a s  
i n t e g r a t i o n  over 0 i n  t he  f r e e  energy expres s ion  r e q u i r e s  only 
is  t h e  
J 
The imaginary p a r t  
p o s i t i v e  va lues  of W . 
The i n t r o d u c t i o n  of (11-4) and (11-5) i n t o  Eq. 11-2 y i e l d s  
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(11-7) 
The s u b s c r i p t  1 and quantum w1*2 and a s iml l a r  expres s ion  f o r  
numbers 3 s e rve  t o  c h a r a c t e r i z e  molecule "1" , molecule "2" i s  
cha rac t e r i zed  by the  s u b s c r i p t  2 and quantum nurrbers j '  On 
i n t e g r a t i n g  ou t  t h e  v a r i a b l e s  jl 
express ion  which, when added t o  t h e  analogous expres s ion  f o r  
and ld w e  obtafrr it3 
wl+* > gives  
7 
j=o 
J 
(11-8) 
The apostrophe behind the  sxnretEz.:? zFgr.5 s e r v e s  ts dezote  t h a t  
s ta tes  f o r  which the  defiomfnator vsr<sbes are t o  be omit ted:  Th i s  
of  t he  preceding equat l \ ,  7 nns - 
Another farm, e q u i v a l e a t  t o  <I I -e )  , I obtained on n o t i n g  
The r e s u l t  i s  
8 
J 
(11-9) 
S t i l l  another gene ra l  formula can be de r ived  by combining 
terms appearing i n  the  f i r s t  of t he  c u r l y  b r a c k e t s  of 11-9 w i t h  
corresponding terms of t he  second of t he  c u r l y  b r a c k e t s .  
example, one s e t  of terms, appearing w i t h i n  t h e  f i r s t  c u r l y  
b r a c k e t s ,  i s  
For 
(11-10) 
We drop t h e  r e s t r i c t i o n  on the  second sumxit ion,  wh2ch has the  
e f f e c t  of i n t roduc ing  terms f o r  which ( ~ ' t  1) kL'," $%))& 
and c o r r e c t  f o r  t h i s  e f f e c t  by s u b t r a c t i n g  o u t  t h e s e  s i n g u l a r  
0 
terms, e , g .  
The order  of  t h e  summation i s  ncm unimportant, and we can combine 
Eq. 
exponent ia l s ,  of t he  second c u r l y  b r a c k e t s ;  t he  r e s u l t  i s  
(11-10) w i t h  t h e  analogous express ton ,  having the  same 
(IX-11) 
The s ingu la r  t e r m s  a r e  of opposi te  sign and cance l .  
when w e  perform t h e  same opera t ion  c 1  t h e  t e r m s  involv ing  the  
S imi l a r ly ,  
and 
3 
we g e t  
9 
C .  
The si.=igular terms do Izgt cance l  
double summatfon. 'The ccmplete 
IC 
nere  but  m i l s t  be excluded fron: t h e  
expressim f c r  che p o t e r t t i a l  i s  
(11-12) 
where t h e  prime behind t h e  summation s i g n s  a g a i n  denotes  t h a t  
s t a t e s  for which t he  t e r m s  become s i n g u l a r  are t o  be excluded - 
thus ,  none i n  t h e  f i r s t  b r a c k e t s  and s t a t e s  f o r  xhfch  
G+\)Wp= (j'+J)%' 
given a s i m p l e  phys i ca i  i n t e r p r e t a t i o c ,  r e f e r e n c e  t o  which 2s  
made i n  t h e  Discussion.  
i n  t h e  secocd,  Zquatfcn \ . L Z - i 2 ?  can be 
11 
C l a s s i c e i  L h i t  
The c l a s s i c a l  (high temperature) I b e i t  can be de r ived  from 
Eq. XI-8 by expandLng t h e  3yperbolLc c x t a r r g e n t  f x n c t i c n s  and t h e  
-&Q't/)4W"k I /  7, e f unc t ions 
i n  power series o r ,  more d i r e c t l y ,  from Eq. 11-12 by the  expansion 
of t h e  l a t t e r  two f u n c t i o n s .  If we t h e n  r e p h c e  all s - m a t i o n s  by 
i n t e g r a t i o n s ,  w e  o b t a i n  t o  f i r s t  crder  
We next  make t h e  s u b s t i t u t i o n s  Gfl)LU''= P J  (3'4l)%*= ? 3  
and r e p  l a c e  t h e  
i n t e g r a l s  i n  t h e  denominator by hT/x1w,b 2nd .IZ3 /& UJ 
which are t h e  c l s s s i c a l  values  cf rhe  r o t a t i a n a l  p a r t i t i o n  f u n c t i o n ;  
1 2  
t h e  r e s u l t  i s  
(11-14) 
We drop t h e  l i n e a r  terms i n  t h e  exponents as t h e s e  terms would, 
upon expansion, c o n t r i b u t e  inve r se  powers f n  T1 and T 2  which 
are of a higher order  and swi tch  t o  t h e  v x i a b l e s  x and y def ined  
by qz= and y"=,!$f2 ; w e  g e t  
The lower l i m i t s  o f  i n t e g r a t i o n  si and JZ are r e s p e c t i v e l y  
and 
and approach ze ro  i n  t h e  l i m i t  of  TI* ag and T2-- . 
Thus, i f  w e  change t h e s e  i n t e g r a t i c n  liizits t o  zerG and in t roduce  
13 
t h e  c y l i n d r i c a l  coord ina te s  x=. f m e  , y= y"Ajtz@ (and 
) w e  g e t  for  t h e  f i r s t  double integral  
(11-16) 
where&= cobs and%'= &&b . (The f a c t o r  of k i s  t h e  va lue  
of t h e  i n t e g r a l  over t h e  r coord ina te . )  Eva lua t ion  of t h e  
p r i n c i p a l  va lue  i n t e g r a l ,  which according,  t o  t h e  d e f i n i t i o n  can  
be w r i t t e n  as 
p r e s e n t s  no s p e c i a l  d i f f i c u l t i e s  and y i e l d s  
S u b s t i t u t i o n  i n t o  (11-16) gives 
(11- 18) 
A s i m i l a r  a n a l y s i s  shows t h a t  t h e  second double i n t b g r a l  of 
Eq. (11-15) produces 
Since 
(II- 19) 
and 
-, 
we can express  A and B i n  terms of t h e  more convenient  r a t i o s  
f, = k, and f,=f"/r, which, when s u b s t i t u t e d  
i n t o  Eq. (11-15), y i e l d  t h e  f i n a l  expres s ion  
We may consider t h r e e  spec ia l  ca ses  : 
i) T1 = T 2  = T The usua l  Keesom p o t e n t i a l  i s  then  
7 
recovered : 
14 
(11-21) 
t hen  becomes 
. *  
15 
c 
(11-22) 
T h i s  p o t e n t i a l  corresponds t o  the  average p o t e n t i a l  energy proposed 
by Schumacher, Be rns t e in  and Rothe . 4 
iii) II = I2 . The p o t e n t i a l  takes t h e  form 
(11-23) 
16 
111 Discussion 
The general  behavior of t he  double-temperature p o t e n t i a l s  
d i f f e r s  markedly from t h e  o rd ina ry  s ing le - t empera tu re  p o t e n t i a l  
and t h e  meaning of sGme cf the  r e s u l t s  i s  not  c l e a r  t o  t h e  a u t h o r .  
The logari thmlc t e r m  appearing i n  t h e  c l a s s i c a l  formula (Eq. 11-20) 
can be e i t h e r  p o s i t i v e ,  zero or  nega t ive  and i n  t h e  l a t t e r  case  may 
a c t u a l l y  overshadow t h e  nonlogarithmic terms - i n  which case  the  
p o t e n t i a l  becomes r e p u l s i v e .  For two r o t o r s  w i th  equa l  moments of 
i n e r t i a  (Eq. 11-23),  t h e  t u r n i n g  p o i n t  occurs  when the  temperatures  
s a t i s f y  the c o n d i t i o n  
(111-1) 
where i s  e i t h e r  %/T2 or T2/t, This  happens when 
hk i s  approx imae ly  2.40 or  = 11.0. Thus, i n  ca.se of 
molecules with i d e n t i c a l  moments of i n e r t i a  t h e  p o t e n t i a l  becomes 
r e p u l s i v e  when TI /fz o r  %/!, exceeds t h e  v a l u e  1 1 . G .  
The appearance of r e p u l s i v e  i n t e r a c t i o n  terms is ,  from a 
f i e l d - t h e o r e t i c  p o i n t  of view, no t  s o  s u r p r i s i n g .  I n  t h e  Four i e r  
and W 1 4 2  ( E q s .  11-2 and 11-3) both decomposition of 
p o s i t i v e  and nega t ive  terms occur:  t h e  p o s i t i v e  terms o f ,  say,  
'2-1 
a r e  the  r e s u l t  of p o l a r i z a t i o n  of system "iff by impulses w2 -1 
of system "2" 
l f n a t u r a l f f  frequency, L ~ P =  '41~ 
t h e  o v e r a l l  exp res s ion  f o r  t h e  f r e e  energy t h e  p o s i t i v e  terms always 
cance l  i n  t h e  c l a s s i c a l  limit when t h e  temperatures  a r e  e q u a l ;  
of such high f r equenc ie s  t h a t  they exceed t h e  
, of system "lS' . But i n  
. 
17 
c 
this  i s  n o t  t h e  case  when t h e  temperatures d i f f e r .  
Direct comparison between the p r e s e n t  r e s u l t s  and those  
ob ta ined  by a p u r e l y  s t a t i s t i c a l  approach i s  n o t  p o s s i b l e  a t  p r e s e n t  
s i n c e  a n  a b  i n i t i o  s ta t is t ical  theory has  n o t  y e t  been formulated.  
Nonetheless,  by r e l a b e l l i n g  some of t h e  q u a n t i t i e s  appearing i n  ' 
t h e  b a s i c  equat ions,  i t  i s  p o s s i b l e  t o  t r ans fo rm t h e s e  equa t ions  
i n  such a way t h a t  t h e i r  s t a t i s t i c a l  i m p l i c a t i o n s  become c l e a r l y  
d i s c e r n a b l e .  Thus, i f  we  r ep lace  i n  Eq. (11-12) a l l  f r equenc ie s  
by corresponding ene rg ie s ,  e .g .  .. 
e tc .  and make t h e  fol lowing s u b s t i t u t i o n s  (see Appendix) 
and 
.I 
we g e t  
18 
(111-3) 
Fur the r ,  by changing t h e  s~ r f f i : e s  4 -t 1 e;7d j q  + 1 t o  i and i '  
r e s p e c t i v e l y ,  we can al53 w-rire 
al"= - 
+c j'0 (111-4) 
. *  
. *  
* 
19 
or ,  more compactly 
where j and 4 '  r u n  from 0 t o  -0 and 8 = j 5 1% 0 and 
7' = 
between t h e  states of system 
j' + - 1 >/ 0 This  expression exhausts  a l l  p o s s i b l e  t r a n s i t i o n s  
"1" and a1 1 pos s i b  -Le t r a n s i t  i ons  
between t h e  states of system "2" . We n o t e  t h a t  e -6 i i T / Q ,  
i s  simply t h e  p r o b a b i l i t y ,  6)"' 
1)  
t h e  unperturbed energy l e v e l  E and t h a t  eEivhT&z is  t h e  
p r o b a b i l i t y  t h a t  molecule "2" i s  i n  t h e  unperturbed r o t a t i o n a l  
s t a t e  E:? . Also, s i n c e  an expres s ion  l i k e  I zi91" i s  i n v a r i a n t  
of t h e  axis of q u a n t i z a t i o n  , w e  can  r e p l a c e  t h e  q u a n t i t y  
, t h a t  molecule "1" be found i n  
(el - j 
j 
8 
which i s  t h e  square of t h e  matrix element of t h e  i n t e r a c t i o n  
Hamiltonian 
/ 
Thus, i f  we use  t h e  n o t a t i o n  %jf, Mt4: v f ;  mm I 
t h e  ma t r ix  elements between i n i t i a l  and f i n a l  states of t h e  
t o  d e f i n e  
20 
combined systems "1'' and 0'2'1 and (in analogy ~ t t R  (111-2) m i t e  
we o b t a i n  
The meaning of t h i s  r e s u l t  i s  now c l e a r :  i t  i s  t h e  expres s ion  f o r  
t h e  quantum-mechanical second order  p e r t u r b a t i o n  energy r e p r e s e n t i n g  
t h e  i n t e r a c t i o n  between a l l  p o s s i b l e  s t a t e s  of  s y s t e n  ''1" w i t h  
a l l  p o s s i b l e  s ta tes  of system "2", each s t a t e  being weighted by a 
Boltzmann f a c t o r  having a temperature c h a r a c t e r f s t i c  of t he  system 
t o  which the s t a t e  belongs.  
This  a n a l y s i s  by no means provides  s t a t i s t i c a l  proof of t h e  
v a l i d i t y  of t he  b a s i c  equatEons der ived h e r e ;  i t  merely sugges t s  
t h a t  t h e  underlying assumptions on which t h e  equa t ions  a r e  based 
a r e ,  from a q u a n t u m - s t a t i s t i c a l  p o i n t  of view, p1ausibl.e.  
of t h e  complex s u s c e p t i b i l i t y  w i l l  be p re sen ted  i n  a later paper .  
Consider a r o t a t i n g  dipole,  of moment p - c c  9 
responding t o  a n  e x t e r n a l  f i e l d  ( i n  t h e  2 - d i r e c t i o n )  of 
frequency (AJ . 
be de r ived  by a p p l i c a t i o n  of the formal expres s ion  
The imaginary p a r t  of t h e  response f u n c t i o n  can 
9 
(A- 1 ) 
F 
where p and q are d i f f e r e n t  quantum states of t h e  unperturbed 
system and Op+= (E The z e r o t h  order  wave 
f u n c t i o n  of a r i g i d  r o t o r  i s  
t 
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Appendix: Frequency-Dependent S u s c e p t e b i l i t y  of a Ro ta t ing  Dipole 
Below i s  a b r i e f  d e r i v a t i o n  o f  t he  f;rn;ulas f ~ r  p&J)""dP131'"). 
A more e x t e n s i v e  d i s c u s s i o n  and a n a l y s i s  of t h e  f u n c t i o n a l  behavior 
- m  
where the  f! (MQ) 
can t a k e  on any i n t e g r a l  value between -j and 3. This  wave- 
are t h e  a s s o c i a t e d  "Legendre func t ions  and m 
3 
f u n c t i o n  produces t h e  matrix elements 
which have t h e  fol lowing p r o p e r t i e s  
22 
(A- 3) 
= O  otherw%se. 
I f  w e  l e t  EJw 
t he  quantum numbers j and m and qL2;%f 
denote the energy of a s t a t e  c h a r a c t e r i z e d  by 
the  t r a n s i t i o n  
- -u 
frequency  dm we o b t a i n  
p - 0  M y j  
Since,  however, t h e  e n e r g i e s  a r e  independent of t he  quantum 
c 
number mp i . e .  
we can  write 
23 
. 
B (A-5 )  
j= I J 
It may be noted 
and 
that for every value of j 
there i s  a positive and negative value for 
over m produces 
I 
except j = 0, 
1 3 0 )  . Summation 
and 
M =-. 
24 
d 
-u 
Y .  
. .  
8 
where use has been made of t h e  r e l a t i e n  
S u b s t i t u t i o n  of ( A - 6 )  and ( 8 - 7 )  i n t o  ( A - 5 ) ,  g ives  the  f i n a l  r e s u l t  
( s ee  a l s o  comments i n  footnote  r e f .  6 ) :  
The r e a l  p a r t  of the  s u s c e p t i b i l i t y  can be obtained immediately 
from A - 8  (using the  p o s i t i v e  branch on ly : )  by a p p l i c a t i o n  of t h e  
Kramer s -Kr  onig r e l a t i o n  
. 
25 
The r e s u l t  is  
The l a t t e r  can  a l s o  be w r i t t e n  as a sum over d i s c r e t e  states 
or 
where t h e  prime on t h e  summation s i g n  denotes  t h a t  states f o r  which 
z(jt/)klO= are to  be omit ted.  
As a s p e c i a l  case,  we find t h a t  t h e  s t a t i c  s u s c e p t i b i l i t y  
j,, 
which r educes  t o  the  Debye-Langevin fcrmula c3(0, =pz/3.kT 
upon r e p l a c i n g  t h e  szlmmation over j i n  t h e  denominator of A-12 
by an  i n t e g r a t i o n .  
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